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Abstract
We discuss a new higher order accurate discontinuous
Galerkin finite element method for non-linear free surface
gravity waves. The algorithm is based on an arbitrary
Lagrangian Eulerian description of the flow field using
deforming elements and a moving mesh, which makes it
possible to represent non-linear large amplitude waves.
The novel feature of the algorithm is a coupled treatment
of the free surface boundary condition and the domain
discretization, which improves numerical stability.
Introduction
The numerical simulation of free surface gravity waves
is an essential tool in the design and analysis of wave mo-
tion and its influence on fixed and floating structures. Free
surface gravity waves can be modelled at various levels of
sophistication, but for many applications it is sufficient to
consider waves in an inviscid, incompressible and irrota-
tional flow. This makes it possible to introduce a potential
function satisfying the Laplace equation together with a
non-linear free surface boundary condition.
Despite this significant mathematical simplification
one still has to face a number of challenging numerical
problems. In particular, maintaining numerical stabil-
ity and robustness for schemes with minimal dispersion
and dissipation errors is non-trivial. This applies both to
boundary integral and finite element methods.
In this paper we will discuss a new implicit and higher
order accurate discontinuous Galerkin (DG) finite ele-
ment discretization which does not suffer from a fre-
quently encountered weak, mesh dependent saw-tooth
type instability at the free surface. This discontinuous
Galerkin algorithm combines the well known benefits of a
local, element wise discretization suitable for efficient hp-
mesh adaptation and parallel computing with an uncon-
ditionally stable numerical discretization, which main-
tains accuracy on non-smooth unstructured meshes. This
is particularly important for non-linear waves where the
computational mesh has to follow the wave motion using
an arbitrary Lagrangian-Eulerian approach.
The approach discussed in this paper was motivated by
a detailed stability analysis which indicated that a more
direct coupling of the free surface boundary condition
with the solution of the Laplace equation significantly en-
hances numerical stability, without for instance the need
to add additional viscosity terms (Ref. [1]) or smoothing
(Ref. [3]) to the free surface.
In this paper we will give a brief overview of the main
aspects of the numerical discretization, including some
theoretical results of the underlying linear scheme. For
more details we refer to (Ref. [2]).
Equations governing free surface gravity waves
Consider a time-dependent domain Ω(t) ⊂ R3. We
assume that the fluid is incompressible and inviscid, with
the velocity field irrotational. The equations of motion for
non-linear free-surface gravity waves in a time-dependent
reference frame moving with velocity c then can be stated
as:
−∆φ = 0 in Ω(t) (1)
together with the free surface boundary conditions at ΓS :
∂φ
∂t
+ (c+
1
2
∇φ) · ∇φ+ ζ = 0
∂ζ
∂t
+ (c+∇φ) · ∇ζ − c3 −
∂φ
∂x3
= 0,
and a slip flow boundary condition at ΓN (t), which is ei-
ther a wave maker and/or the bottom of the flow domain:
n · ∇φ = gN .
Here, φ denotes the velocity potential, ζ the wave height,
n the unit outward normal vector and gN a prescribed nor-
mal velocity at ΓN . An overbar refers to only the x1, x2
components of a vector (x1, x2, x3) ∈ R3, where we as-
sume that x3 = 0 represents the still water surface. In
addition, on part of the domain boundary, periodic bound-
ary conditions can be imposed to simulate an unbounded
domain. As initial conditions we either start without any
waves, with φ(x, t0) = ζ(x, t0) = 0 at ΓS , and the waves
are generated by the wave maker by specifying a periodic
normal velocity; or, we start with an analytic wave field
in a periodic domain and φ, ζ at ΓS are known at initial
time. The equations have been made dimensionless by
introducing the water depth H and the gravitational con-
stant gc as reference quantities.
Discontinuous Galerkin formulation
In this section we summarize the discontinuous
Galerkin finite element discretization. The domain Ω is
approximated with a tessellation Th of shape-regular el-
ements K and the set of all internal faces is represented
by
{
FIh
}
. The discontinuous Galerkin finite element dis-
cretization uses basis functions which are only weakly
coupled to basis functions in neighboring elements. For
this purpose, we define the spaces V ph and Σ
p
h as:
V
p
h :=
{
v ∈ L2(Ω)
∣∣∣ v|K ∈ Pp(K), ∀K ∈ Th
}
,
Σph :=
{
σ ∈ [L2(Ω)]3
∣∣∣ σ|K ∈ [Pp(K)]3, ∀K ∈ Th
}
,
with L2(Ω) the space of square integrable functions and
Pp the space of polynomials of degree p. For consistency
reasons, we need to assume that ∇V ph ⊂ Σ
p
h. Since the
traces of the functions in V ph and Σ
p
h are multi-valued at
element faces, we introduce some trace operators in or-
der to define the numerical fluxes in the discontinuous
Galerkin formulation. The average 〈v〉 and jump [[v ]] op-
erators for the trace of v ∈ V ph at an internal face F ∈ F Ih
are defined as:
〈v〉 :=
1
2
(vL + vR) , [[v ]] := vLnL + vRnR,
with vL := v|∂KL and vR := v|∂KR , and KL, KR the el-
ements connected to the face F with unit outward normal
vectors nL and nR, respectively. Similarly, we introduce
for the trace of q ∈ Σph at the face F ∈ F
I
h :
〈q〉 :=
1
2
(qL + qR), [[q ]] := qL · nL + qR · nR,
with qL and qR analogously defined.
We can now formulate the weak formulation for the
potential and wave height of the free surface waves:
Find a φh, ζh ∈ V ph × (C2(t0, tn) ∩ C1[t0, tn]), such
that for all v1, v2 ∈ V ph , the following relation is satisfied:
B0h(φh, v1)−
(
n · ∇φh, v1
)
ΓS
−
(
n3
∂ζh
∂t
, v1
)
ΓS
(2)
−
(
n3
((
ch +∇hφh
)
· ∇hζh − c3
)
, v1
)
ΓS
= Lh(v1)
(∂φh
∂t
, v2
)
ΓS
+
((
ch +
1
2
∇hφh
)
· ∇φh, v2
)
ΓS
+
(
ζh, v2
)
ΓS
= 0 (3)
The operator B0h : V
p
h × V
p
h → R represents the DG
discretization of the Laplace equation (1) and is defined
as:
B0h(φh, ψh) =
∫
Ω
∇hφh · ∇hψhdx
−
∑
F∈FI
h
∫
F
(
[[φh ]] · 〈∇hψh〉+ [[ψh ]] · 〈∇hφh〉
)
ds
+
∑
F∈FI
h
(ηF + nf )
∫
Ω
RF ([[φh ]]) · RF ([[ψh ]])dx,
with the local lifting operator RF :
[
L2 (F)
]d
→ Σph:∫
Ω
RF (q) · σdx =
∫
F
q · 〈σ〉 ds ∀σ ∈ Σph.
The righthand side of (2) is related to the Neumann
boundary condition at ΓN :
Lh(ψh) =
∫
ΓN
gNψhdx.
The time derivatives in (3) are approximated with a three-
point backward scheme, which results in an uncondition-
ally stable implicit time discretization. The resulting non-
linear equations are solved with a Newton method. With
slightly different boundary conditions we can also use the
DG discretization for B0h to compute the mesh deforma-
tion.
Theoretical results
In a detailed study van der Vegt and Tomar (Ref. [2])
show that the algorithm is unconditionally stable on a
general unstructured mesh for linear water waves and
does not suffer from a saw-tooth type instability at the
free surface. If the coefficient η = min
F∈FI
h
ηF is cho-
sen such that η = 1
4t
then the L2(ΓS)-norm of the error in
the wave height is O(4t2 + hp+1), with h the mesh size,
4t the time step and p the order of the polynomial basis
functions. A similar result holds for the potential function
φh in the L2(Ω)-norm if the potential function φ is suffi-
ciently regular, e.g. φ ∈ H2(Ω). A discrete Fourier anal-
ysis demonstrates that the numerical discretization has a
very small numerical dissipation and that the primary er-
ror is a dispersion error.
Discussion and results
As an first test for the numerical algorithm we choose a
periodic domain with two harmonic modes with different
amplitudes and the same periodicity. These two harmon-
ics waves travel across the domain in the same direction
but along the opposite diagonals of the rectangular do-
main. The numerical simulations are done on 3D meshes
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Figure 1: Wave field in three dimensional periodic
domain
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Figure 2: Order of accuracy versus time for 3D
harmonic waves.
of size 10× 10× 5 and 20× 20× 10 for p = 2. The free
surface profile after one time period is shown in Figure 1.
Figure 2 shows that the algorithm is at least third order
accurate in space for quadratic basis functions during the
simulation.
A second test case is a wave maker in a domain with
bump. The domain has a length L = 4 and the water
depth is normalized to one. In the middle of the domain
there is a bump with a height 3
4
and length 2 and sinu-
soidal shape. The frequency of the wave maker is 2 and
the amplitude is 0.025. For this problem we use three
meshes with 20 × 5, 40 × 10 and 80 × 20 elements. In
Figure 3 we plot the solution at the different meshes both
for linear and quadratic polynomials at T = 17.5. These
results confirm the theoretical analysis in (Ref. [2]) and
show that the algorithms converges quadratic and cubic
in the mesh size for p = 1 and p = 2, respectively, if the
time step if sufficiently small. In the full paper we will
consider a more extensive set of test cases which exhibit
a strong non-linear behavior.
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Figure 3: Water waves generated by a wave maker in a
domain with a bump for linear (p = 1) and quadratric
(p = 2) polynomials and varying mesh sizes,
h = 0.25, 0.125 and 0.0625.
Conclusions
An unconditionally stable, implicit higher order accu-
rate discontinuous Galerkin method has been discussed
which does not require additional stabilization terms at
the free surface to prevent saw tooth type instability at
the free surface boundary. The algorithm preserves ac-
curacy on unstructured meshes and is well suited for ar-
bitrary Lagrangian Eulerian techniques using deforming
elements. More detailed simulations, including large am-
plitude waves, will be discussed in the full paper.
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